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Boundedness of Commutators on Hardy Spaces over Metric 
Measure Spaces of Non-homogeneous Type 

Haibo Lin, Suqing Wu and Dachun Yang * 


Abstract. Let {X,d,ii) be a metric measure space satisfying the so-called upper 
doubling condition and the geometrically doubling condition. Let T be a Calderon- 
Zygmund operator with kernel satisfying only the size condition and some Hormander- 
type condition, and b G RBMO(^) (the regularized BMO space with the discrete 
coefficient). In this paper, the authors establish the boundedness of the commutator 
Tf, := bT — Tb generated by T and b from the atomic Hardy space with the 

discrete coefficient into the weak Lebesgue space The boundedness of the 

commutator generated by the generalized fractional integral {a € (0,1)) and the 
RBMO(/r) function from into is also presented. Moreover, by an 

interpolation theorem for sublinear operators, the authors show that the commutator 
Tb is bounded on LP{fj,) for all p G (1, cx)). 


1 Introduction 

The classical theory of Calderon-Zygmund operators originated from the study of the 
convolution operator with singular kernel on M. From then on, it has become one of 
the core research areas in harmonic analysis and has been developed into a large branch 
of analysis on metric spaces, among which, one of the most useful underlying spaces is 
the space of homogeneous type introduced by Coifman and Weiss [7, 8]. Recall that 
a quasi-metric space (A, d) equipped with a non-negative measure fi is called a space 
of homogeneous type in the sense of Coifman and Weiss [7, 8] if (Y, d, p) satisfies the 
measure doubling condition: there exists a positive constant C'(^) such that, for all balls 
B{x,r) := {y G X : d{x,y) < r} with x G X and r G (0, oo), 

(1.1) p{B{x,2r)) < C(^^)p{B{x,r)). 
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As was well known, the space of homogeneous type is a natural setting for Calderon- 
Zygmund operators and function spaces. Euclidean spaces equipped with Lebesgue mea¬ 
sures, Euclidean spaces equipped with weighted Radon measures satisfying the doubling 
condition (1.1), Heisenberg groups equipped with left-variant Haar measures are all the 
typical examples of spaces of homogeneous type. 

On the other hand, in the last two decades, many classical results concerning the 
Calderon-Zygmund operators and function spaces have been proved still valid for metric 
spaces equipped with non-doubling measures; see, for example, [29, 30, 38, 39, 40, 41, 42, 
5, 6, 15, 18]. In particular, let /i be a non-negative Radon measure on which only 
satisfies the polynomial growth condition that there exist some positive constant Co and 
n G (0, d] such that, for all x and r G (0, oo), 

(1.2) fi{B{x,r)) < Cor'^, 

where B{x,r) := {y G : \x — y\ < r}. Such a measure does not need to satisfy 
the doubling condition (1.1). Tolsa [38, 41] introduced the atomic Hardy space 
for q G (l,oo], and its dual space, RBMO(/r), the space of functions with regularized 
bounded mean oscillation, with respect to y as in (1.2), and proved that Calderon-Zygmund 
operators are bounded from into L^iy)- In [15], Hu et al. established an equivalent 

characterization of to obtain the boundedness on L^{p) of commutators and their 

endpoint estimates. More research on function spaces, mainly on Morrey spaces, and their 
applications related to non-doubling measures can be found in, for example, [13, 32, 34, 35]. 
We point out that the analysis on such non-doubling context plays a striking role in solving 
several long-standing problems related to the analytic capacity, like Vitushkin’s conjecture 
or Painleve’s problem; see [40, 42]. 

However, as was pointed out by Hytonen in [19], the measure satisfying the polyno¬ 
mial growth condition is different from, not general than, the doubling measure. Hytonen 
[19] introduced a new class of metric measure spaces satisfying both the so-called upper 
doubling condition and the geometrically doubling condition (see, respectively. Definitions 
2.1 and 2.4 below), which are also simply called metric measure spaces of non-homogeneous 
type. These metric measure spaces of non-homogeneous type include both metric measure 
spaces of homogeneous type and metric measure spaces equipped with non-doubling mea¬ 
sures as special cases. We mention that several equivalent characterizations for the upper 
doubling condition were recently established by Tan and Li [36, 37]. 

From now on, we always assume that (A, d, p) is a metric measure space of non- 
homogeneous type in the sense of Hytonen [19]. In this new setting, Hytonen [19] intro¬ 
duced the space RBMO(/r) and established the corresponding John-Nirenberg inequality, 
and Hytonen and Martikainen [22] further established a version of Tb theorem. Later, 
Hytonen et al. [20] and Bui and Duong [2], independently, introduced the atomic Hardy 
space proved that the dual space of is RBMO(^). Recently, Fu et 

al. [9, 10] established the boundedness of multilinear commutators of Calderon-Zygmund 
operators and commutators of generalized fractional integrals with RBMO(//). The bound¬ 
edness of commutators of multilinear singular integrals on Lebesgue spaces was obtained 
by Xie et al. [44]. In addition, Fu et al. [II] introduced a version of the atomic Hardy space 


Boundedness of Commutators on Hardy Spaces 


3 


-^atb’p (a^) -^atb(/^) simply denoted by see Definition 2.11 below) and its cor¬ 

responding dual space RBMO(/r) (d RBMO(/r); see Definition 2.13 below) via the discrete 
coefficients Moreover, Hytonen and Martikainen [23] proved a non-homogeneous Tl 

theorem for certain bi-parameter singular integral operators. Very recently, Fu et al. [12] 
partially established the theory of the Hardy space HP with p € (0, 1] on (V, d, p). Sawano 
et al. [33] presented an example showing that, if {X,d,p) is not geometrically doubling, 
then Morrey spaces depend on the auxiliary parameters. More research on function spaces 
and the boundedness of various operators on metric measure spaces of non-homogeneous 
type can be found in [24, 21, 25, 27, 17, 1, 3, 26, 28, 4]. We refer the reader to the survey 
[45] and the monograph [46] for more developments on harmonic analysis in this setting. 

The main purpose of this paper is to generalize the corresponding results in [15] to the 
present setting {X,d,p). Precisely, let T be a Calderon-Zygmund operator with kernel 
satisfying only the size condition and some Hormander-type condition, and b G RBMO(/r). 
Under the assumption that T is bounded on L^(/r), we obtain the boundedness of the 
commutator 

n ■■= bT - Tb, 

generated by T and 6, from the atomic Hardy space (p) into the weak Lebesgue space 
L^’°°{p). The boundedness of the commutator generated by the generalized fractional 
integral Ta {a G (0,1)) and the RBMO(/i) function from H^{p) into the weak Lebesgue 
space is also established. Moreover, by an interpolation theorem for sublin- 

ear operators, we also show that the commutator is bounded on LP{p) for all p G (1, oo). 

This paper is organized as follows. In Section 2, we first recall some necessary notation 
and notions, including the discrete coefficient and its fundamental properties, the 

atomic Hardy space H^^^'J{p) (simply denoted by H^{p)) and the space RBMO(/i) with 
Kg'^g, and the Calderon-Zygmund decomposition. We also establish an equivalent char¬ 
acterization and the John-Nirenberg inequality of RBMO(/r) (see, respectively. Lemma 
2.15 and Proposition 2.16 below), whose proofs are similar to those of the corresponding 
known results of RBMO(/i), the details being omitted. Moreover, in this section, we find a 
useful property of the dominating function (see Lemma 2.3 below), which is of independent 
interest and is used in Section 3. 

In Section 3, we establish the boundedness of the commutator T}, from H^{p) into 
L^’°°{p) by borrowing some ideas from [15, Theorem 4.1] and applying Lemma 2.3. 

In Section 4, we prove that the commutator, generated by the generalized fractional inte¬ 
gral Ta {a G (0,1)) and the RBMO(/r) function, is bounded from H^{p) into 
Recall that the fractional type of the discrete coefficient Kg^g is a useful tool in the study 
of commutators of fractional integrals in the setting of metric measure spaces with non¬ 
doubling measures or metric measure spaces of non-homogeneous type; see, for example, 
[6, 10]. However, in our proof, via the Minkowski integral inequality and the Fatou lemma, 
we do not need to use the fractional coefficient, which is a different approach to deal with 
commutators of fractional integrals. 

Section 5 is devoted to the boundedness on LP{p), with p G (1, oo), of the commutator 
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Tfy. To this end, we first establish an interpolation theorem for sublinear operators (see 
Theorem 5.5 below). Although the interpolation theorem is similar to [15, Theorem 3.1], 
its proof is different. Precisely, since it is not clear whether or not the operator m| o Ti 
compounded by the sharp maximal operator m| and the sublinear operator Ti is quasi- 
linear, the method used in the proof of [15, Theorem 3.1] might be problematic. To avoid 
this, in the below proof of Theorem 5.5, we borrow some ideas from the proof of [28, 
Theorem 1.6]. Then we establish a pointwise estimate for m| o T},, which, together with 
the interpolation theorem, yields the desired conclusion. 

Finally, we make some conventions on notation. Throughout this paper, we always 
denote by (7, C, c or c a positive constant which is independent of the main parameters, 
but they may vary from line to line. Constants with subscripts, such as Cq and cq, do not 
change in different occurrences. Furthermore, we use C(^a) to denote a positive constant 
depending on the parameter a. The expression Y < Z means that there exists a positive 
constant C such that Y < CZ. The expression A B means that A < B < A. Let 
N := {1,2,...} and Z_|_ := {0} U N. For any ball B C A, we denote its center and 
radius, respectively, by cb and vb and, moreover, for any p G (0,oo), we denote the ball 
B{cb, PUb) by pB. Given any q G (0, oo), let q! := q/{q — 1) denote its conjugate index. 
Also, for any subset E G A, xe denotes its characteristic function. For any / G ih) 
and any measureable set E of A, mE{f) denotes its mean over E, namely, 

^eU) ■■= 

For arbitrary a G M, [oj denotes the largest integer smaller than or equal to a. 

2 Preliminaries 

In this section, we recall some necessary notions and notation, including the dominat¬ 
ing function, the discrete coefficient K^B^g, the atomic Hardy space the space 

RBMO(//) and the Calderon-Zygmund decomposition. We also give out a useful property 
of the dominating function. 

The following notion of upper doubling metric measure spaces was originally introduced 
by Hytonen [19] (see also [21, 27]). 

Definition 2.1. A metric measure space [A,d,p) is said to be upper doubling if p is 
a Borel measure on A and there exist a dominating function A : A x (0, oo) —>■ (0, oo) 
and a positive constant C(^x)i depending on A, such that, for each a: G A, r —)■ A(x,r) is 
non-decreasing and, for all x G A and r G (0, oo), 

(2.1) h{B{x, r)) < X{x, r) < C(^x)Kx, r/2). 

Remark 2.2. (i) Obviously, a space of homogeneous type is a special case of upper 

doubling spaces, where we take the dominating function X{x,r) := p{B{x,r)) for 
all X G A and r G (0, oo). On the other hand, the d-dimensional Euclidean space 
with any Radon measure p as in (1.2) is also an upper doubling space by taking 
A(x, r) := C'or"’ for all x G and r G (0, oo). 
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(ii) Let (Af, d, /i) be upper doubling with A being the dominating function on X x (0, oo) 
as in Definition 2.1. It was proved in [20] that there exists another dominating 
function A such that A < A, and, for all x, y € X with d{x, y) < r, 

(2.2) X{x,r) <C^-^^X{y,r). 


(iii) It was shown in [36] that the upper doubling condition is equivalent to the weak 
growth condition: there exist a dominating function X : X x (0,oo) ^ (0,oo), with 
r —>■ A(a;, r) non-decreasing, positive constants C^x)^ depending on A, and e such that 

(iii)i for all r G (0,oo), t £ [0,r], x, y G X and d{x,y) G [0,r]. 


\X{y,r + t) - A(x,r)l < C(^x) 


d{x,y) +t 
r 


X(x,r); 


(iii )2 for all X G X and r G (0,oo), fi{B{x,r)) < X{x,r). 

The following property of the dominating function A is nseful and of independent in¬ 
terest. 

Lemma 2.3. Let {X, d, fi) be an upper doubling space with dominating function X satis¬ 
fying (2.2) and ball B C X. Then, for any xi, X 2 G B and y G X\{kB) with k G [2, oo), 
it holds true that X{xi,d{xi,y)) I'N-' X{x2,d{x2,y)). 

Proof Without loss of generality, we may assume that d{xi,y) < d{x 2 ,y)- By (2.2) and 
the fact that X{x,r) is non-decreasing according to r, we have 

X{xi,d{xi,y)) ~ X{y,d{xi,y)) < X{y,d{x 2 ,y)) ~ X{x 2 ,d{x 2 ,y)). 

Therefore, to prove Lemma 2.3, we only need to show that X{x 2 ,d{x 2 ,y)) < X{xi,d{xi,y)). 
Notice that, for xi G B and y G X\(kB), 

d(xi,y) > d(y,CB) - d(xi,CB) > 2rB - rB = rB- 


It then follows that 

d{x 2 ,y) < d{x 2 ,xi) + d{xi,y) <2rB + d{xi,y) < 3d{xi,y), 

which, together with (2.2), the assumption that d{xi,y) < d{x 2 ,y) and (2.1), implies that 

X{x 2 ,d{x 2 ,y)) ~ X{y,d{x 2 ,y)) < X(xi,d(x 2 ,y)) < X(xi,3d(xi,y)) < X(xi,d(xi,y)). 

This finishes the proof of Lemma 2.3. □ 

The following dehnition of geometrically doubling is well known in analysis on metric 
spaces, which can be fonnd in Coifman and Weiss [7, pp. 66-67], and is also known as 
metrically doubling (see, for example, [14, p.81]). Moreover, spaces of homogeneous type 
are geometrically doubling, which was proved by Coifman and Weiss in [7, pp. 66-68]. 
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Definition 2.4. A metric space (A, d) is said to be geometrically doubling if there exists 
some A^o S N such that, for any ball B{x, r) C A with x € A and r G (0, oo), there exists 
a finite ball covering {B{xi,r /2)}i of B{x,r) such that the cardinality of this covering is 
at most Nq. 

Remark 2.5. Let {X,d) be a metric space. In [19], Hytonen showed that the following 
statements are mutually equivalent: 

(i) (A, d) is geometrically doubling; 

(ii) for any e G (0,1) and any ball B{x, r) d X with x G A and r G (0, oo), there exists a 
finite ball covering {R(xj,er)}j of B{x,r) such that the cardinality of this covering 
is at most Nq€~'^°, here and hereafter, Nq is as in Definition 2.4 and no := log 2 Nq] 

(hi) for every e G (0,1), any ball B{x,r) C X with x £ X and r G (0, oo) contains at 
most NQe~'^° centers of disjoint balls {B{xi,er)}i] 

(iv) there exists M G N such that any ball B{x,r) C X with x £ X and r G (0, oo) 
contains at most M centers {xj}* of disjoint balls {B{xi,r 

A metric measure space {X,d,fi) is called a metric measure space of non-homogeneous 
type if (A, d) is geometrically doubling and (X, d, p) is upper doubling. Based on Remark 
2.2(ii), from now on, we always assume that {X,d,fi) is a metric measure space of non- 
homogeneous type with the dominating function A satisfying (2.2) and, for any two balls 
B,S cX,ii B = S, then cb = cs and rs = rg] see [12, pp. 314-315] for some details. 

Although the measure doubling condition is not assumed uniformly for all balls in the 
metric measure space {X,d,fi) of non-homogeneous type, it was shown in [19] that there 
still exist many balls which have the following (a, /3)-doubling property. 

Definition 2.6. Let a, (3 £ (1, oo). A ball B d X is said to be (a, l3)-doubling if p,{aB) < 
(3fi{B). 

To be precise, it was proved in [19, Lemma 3.2] that, if a metric measure space (A, d, p) 
is upper doubling and a, (3 £ (1, oo) with (3 > [C'(>.)]'°^ 2 " then, for any ball B d X, 

there exists some j £ Z+ such that B is (a, /3)-doubling. Moreover, let {X,d) be 
geometrically doubling, [3 > with no i= log 2 Nq and p a Borel measure on A which 
is finite on bounded sets. Hytonen [19, Lemma 3.3] also showed that, for /r-almost every 
X G A, there exist arbitrary small (a, /3)-doubling balls centered at x. Furthermore, the 
radii of these balls may be chosen to be of the form a~^r for j G N and any preassigned 
number r G (0, oo). Throughout this article, for any ol £ (l,oo) and ball R, the smallest 
{a, ft a)-doubling ball of the form B with j £ is denoted by R", where 

(2.3) 13a ■= _|_ [max{5Q:, 30}]"'° 4- [max{3a, 30}]*^. 

Also, for any ball R of A, we denote by R the smallest (6,/36)-doubling cube of the form 
&B with j £ Z+, especially, throughout this paper. 

The following discrete coefficient K^b \ introduced by Bui and Duong [2] as 

analogous of the quantity introduced by Tolsa [38] (see also [39, 41]) in the setting of 
non-doubling measures; see also [11, 12]. 
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Definition 2.7. For any p E (1, oo) and any two balls B C S C X, let 


N 


(p) 


K 


(p) 

B,S ■ — 


1+ E 


*:=-llogp 2J 


Kp'^b) 

X{cB,p^rB) ’ 


(p) 

where is the smallest integer satisfying p ^-^tb > rs- 

Remark 2.8. (i) By a change of variables and (2.1), we easily conclude that 


K 


ip) 

B,S 


+ 2J+1 


1+ E 


k=l 


X{cB,p^rB) ’ 


where the implicit equivalent positive constants are independent of balls B C S C X, but 
depend on p. 

(ii) A continuous version, Kb,Sj of the coefficient in Dehnition 2.7 was introduced in 
[19] and [20] as follows. For any two balls R C S' C A, let 

Kb,s-=^+[ -ri - Tr - V^dp{x). 

J(2S)\B X[CB,d[X,CB)) 

It was proved in [20] that Kb^s has all properties similar to those for K^b \ ™ Lemma 

2.9 below. Unfortunately, Kb,s and K^b \ usually not equivalent, but, for (M'^, ] • |,/r) 
with p as in (1.2), 

(2.4) Kb,s ~ 

with implicit equivalent positive constants independent of B and S; see [11] for more 
details on this. 

The following useful properties of K^b \ were proved in [12]. 

Lemma 2.9. Let (A, d, p) be a metric measure space of non-homogeneous type. 

(i) For any p G (l,oo), there exists a positive constant C'(p), depending on p, such that, 
for all balls B cRcS, 

(ii) For any a G [1, oo) and p G (1, oo), there exists a positive constant C(^a,p)) depending 

on a and p, such that, for all balls B C S with rg < arB, K^b \ — 

(hi) For any p G (l,oo), there exists a positive constant C(^p^yp depending on p and v, 
such that, for all balls B, < Ctp p). Moreover, letting a, /3 € (l,oo), B C S be any 

two concentric balls such that there exists no {a, ft)-doubling ball in the form of a^B with 
k € N, satisfying B C a^B C S, then there exists a positive constant C{^a,p,u)> depending 

on a, /3 and u, such that \ 
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(iv) For any p € (l,oo), there exists a positive constant depending on p and u, 

such that, for all balls B C R C S, 


jy-ip) < Trip) „ Trip) 

^B,S — ^B,R ^ ^ip,y)^R,S- 

(v) For any p G (l,oo), there exists a positive constant depending on p and u, 

such that, for all balls B C R C S, < C(^p,u)i^B'^s- 

Lemma 2.10. Let [X,d,p) he a metric measure space of non-homogeneous type and 
Pi) P 2 G (l)Oo). Then there exist positive constants ^ipi,p 2 ,v)’ depending on 

Pi,P 2 and u, such that, for all balls B C S, 


Hpi,P 2,F^B,S - ^B~S - ^'ipi,P2,u)^B^S- 


(Pl) 


< < Q. 


^K 


(pi) 


Now we recall the atomic Hardy space dual space RBMOp_^(^) asso¬ 
ciated with which were first introduced by Fu et ah [11]. 

Definition 2.11. Let p G (l,oo), q G (l,oo] and 7 G [l,oo). A function b G L^{p) is 
called a (g, 7 ,/ 9 )A-atomic block if 

(i) there exists a ball B such that supp b C B] 

(ii) b{x) dp{x) = 0 ; 

(hi) for any j G {1,2}, there exist a function aj supported on a ball Bj C B and a 
number Xj G C such that b = AiOi + A 2 a 2 and 


Moreover, let 




K 


(p) 


-7 


l-^il + l-^sl- 


A function / G L^(p) is said to belong to the atomic Hardy space there 

exist (g, 7 ,/o)A-atomic blocks {hi]^i such that / = ™ and 




2=1 


The norm of / is defined by 


inf < | 6 i|„i,g ,7 


Kilf.ip) 


KilfM I ’ 


. 2=1 


where the infimum is taken over all the possible decompositions of / as above. 
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Remark 2.12. (i) When 1-1,/^) with ^ as in (1.2), by (2.4), we see that 

becomes the atomic Hardy space ™ for 7 = 1 and in [15] for 

7 G ( 1 , 00 ). For general metric measure spaces of non-homogeneous type, if we replace 
s by Kb,s hi Definition 2.11, then becomes the atomic Hardy space p(/^) 

in [2, 20]. Obviously, for p G (1, 00 ), q G (1, 00 ] and 7 G [1, 00 ), we always have 


C Hb^:l(/1). 


atb,pv 


(ii) It was pointed out by Fu et al. [11] that, for each q G (l,oo], the atomic Hardy 
space Hb^’^(^) is independent of the choices of p and 7 and that, for all q G (l,oo), the 

spaces and coincide with equivalent norms. Thus, in what follows, we 

denote Hb^’J(^) simply by H^{p). 

Definition 2.13. Let p G (l,oo) and 7 G [l,oo). A function / G L\^^{p) is said to be in 

the space RBMOp_..),(/z) if there exist a positive constant C and, for any ball B C X, a. 
number fs such that 


(2.5) //(pH) X ~ ~ ^ 

and, for any two balls B and Hi such that H C Hi, 


( 2 . 6 ) 


I/b-Zbi! <0 


K 


(p) 


The infimum of the positive constant C satisfying both (2.5) and (2.6) is defined to be the 
RBMOp,.y(//) norm of / and denoted by WfW^^Q^ ^(^7 

Remark 2.14. (i) It was pointed out by Fu et al. [11] that the space RBMOp^.y(/i) is 
independent of p G (1, 00 ) and 7 G [1, 00 ). In what follows, we denote RBMOp_.y(p) simply 
by RBMb(p). 

(ii) When {X,d,p) = (K'^, ] • ],p) with p as in (1.2), by (2.4), we see that RBMO(p) 
becomes the regularized BMO(p) space, RBMO(p), introduced in [38] for 7 = 1 and in 
[15] for 7 G ( 1 , 00 ). For general metric measure spaces of non-homogeneous type, if we 
replace by Kb,s fo Definition 2.13, then RBMO(p) becomes the space RBMO(p) 

in [19]. Obviously, for p G (l,oo) and 7 G [l,oo), RBMO(p) C RBMO(p). However, it is 
still unclear whether we always have RBMO(p) = RBMO(p) or not. 

(hi) Let p G (1, 00 ), p G (1, 00 ] and 7 G [1, 00 ). It was pointed out by Fu et al. [II] that 

= rWo(p). 

By some arguments similar to those used in the proofs of [20, Proposition 2.10] and [24, 
Lemma 3.2], we obtain the following equivalent characterization of the space RBMO(p), 
the details being omitted. 
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Lemma 2.15. Let rj, p ^ (l,oo), and fdp he as in (2.4). For f S L\^^{p), the following 
statements are equivalent: 

(i) / e RBMb(/i); 

(ii) there exists a positive constant C such that, for all balls B, 

(2-7) j^\f{x)-m^p{f)\dp{x) <C 

and, for all {p, ftp)-doubling balls B C S, 

( 2 . 8 ) Imsif) - msif)\ < 

Moreover, the infimum of the above constant C is equivalent to ll/ll 

By an argument completely analogous to that used in the proof of [19, Proposition 
6.1], we obtain the following John-Nirenberg inequality for RBMO(/i), the details being 
omitted. 


Proposition 2.16. Let {X,d,p) he a metric measure space of non-homogeneous type. 
Then, for every p € (0, oo), there exists a positive constant c such that, for all f G 
RBMO(/r), balls Bq and t G (0, oo), 

p{{x G Bq : \f{x) - /boI > t}) < 2p{pBo)e rbmo(m) , 

where fs^ is as in Definition 2.13 with B replaced by Bq. 

Corollary 2.17. Let [X,d,p) be a metric measure space of non-homogeneous type. Then, 
for every p G (l,oo) and p G [l,oo), there exists a constant C such that, for all f G 
RBMO(/r) and balls B, 


1 


_p{pB) Jb 


\f{x) - fsl^dpix) 


i/p 


<C\\f\\ 


RBMO(/i)’ 


where fs is as in Definition 2.13. 


At the end of this section, we establish the following Calderon-Zygmund decomposition 
analogous to [2, Theorem 6.3] and its proof is also analogous to that of [2, Theorem 
6.3], the details being omitted. Let 70 be a hxed positive constant satisfying that 70 > 
max{C'||,^j°®^^, 6 ^”'°}, where C'(a) is as in (2.1) and uq is as in Remark 2.5(ii). 

Lemma 2.18. Let p G [ 1 , 00 ), / G LP{p) and t G (0, 00 ) (t > i^o)^^P\\f\\LP{p)/[T{^)V^^ 
when p{X) < 00 ). Then the following hold true. 

(i) There exists an almost disjoint family {6Bj}j of balls such that {Bj}j is pairwise 
disjoint, 

— \f{x)\P dp{x) > — forallj, 

Bj) Jbj 7o 







Boundedness of Commutators on Hardy Spaces 


11 


^ / \fix)\P dn{x) < — for all j and all rj € {2, oo), 
fi{6^riBj) 70 

and 

\f{x)\ < t for fi — almost every x G \ (iJjGBj). 

(ii) For each j, let Sj be a {3 x 6 ^, ^^^)-doubling ball of the family {(3 x 

6‘^)^Bj}k^f^ and ojj := X6Bj/(YlkXGBk)- Then there exists a family {ipj}j of functions 
such that, for each j, supp((/9j) C Sj, ipj has a constant sign on Sj, 


' X 


ipj{x) dy{x) = / f{x)u!j{x)dfi{x), 


' QBj 


\ifj{x)\ < jt for fi — almost every x G X, 
j 

where 7 is some positive constant, depending only on (Af, fi), and there exists a positive 
constant C, independent of f, t and j, such that, when p = 1, it holds true that 


^j\\L--{i,)hiSj) <C \f{x)ujj{x)\dy{x) 
J X 


and, when p G ( 1 , 00 ), it holds true that 

1 i/p 

^ \Fj{x)\Pdn{x 


C 


[y{Sj)]^/p' < ^ I \f{x)u}j{x)\P dfi{x). 


IX 


(iii) For p G (1, 00 ), if choosing Sj in (ii) to he the smallest (3 x 6^, (7^°®2(3x6 )+i^_ 
doubling ball of the family {(3 x then h := Yl,j{f^j ~ ‘Pj) ^ there 

exists a positive constant C, independent of f and t, such that 

< ^ II f\\P 


- j.p-1 iiJ lliP(M)' 


3 Boundedness of Commutators Ti, on 


In this section, we consider the boundedness from into of the commuta¬ 

tor generated by the RBMO(/r) function and the Calderon-Zygmund operator with kernel 
satisfying only the size condition and some Hormander-type condition. 

To be precise, let K be a //-locally integrable function on {Af x Af} \ {{x,x) : x G Af} 
satisfying the size condition that there exists a positive constant C such that, for all 
X, y G X with x ^ y, 


(3.1) 


\K{x,y)\ < C 


\{x,d{x,y)) 
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and the Hormander-type condition that there exists a positive constant C such that, for 
any R G (0, oo) and y, y' £ X with d{y, y') < R, 

OO « 

(3.2) Vw [\K{x,y) - K{x,y')\ + \K{y,x) - K{y',x)\] dy{x) <C. 

^ J&R<d{x,y)<&+^R 

A linear operator T is called a Calderon-Zygmund operator with kernel K satisfying (3.1) 
and (3.2) if, for all / € '■= {/ G '■ supp (/) is bounded}, 

(3.3) Tf{x):= [ K{x,y)f{y)dn{y), x^supp(/). 

Jx 

Let b G RBMO(/i) and T be a Calderon-Zygmund operator dehned above. The commu¬ 
tator Th, generated by b and T, is defined by setting, for any suitable function /, 

(3.4) nf:=bTf-T{bf). 

Now we state the main result of this section as follows. 

Theorem 3.1. Let b G RBMO(/i). Assume that the Calderon-Zygmund operator T, 
defined by (3.3) associated with kernel K satisfying (3.1) and (3.2), is bounded on L?‘{pl). 
Then the commutator Tf, defined by (3.4) is hounded from H^{y) into that is, 

there exists a positive constant C such that, for all t G (0, oo) and all functions f G 

^({x G A : |T,/(x)| > t}) < 

To prove Theorem 3.1, we need the following two lemmas. 

Lemma 3.2. Let T be a Calderon-Zygmund operator defined by (3.3) associated with 
kernel K satisfying (3.1) and (3.2). Assume that T is bounded on L‘^{fj.). Then 

(i) T is bounded from L^{y) into L^’°°{fi); 

(ii) T is bounded on LP{y) for all p G (l,oo). 

Proof. The proof of (i) is similar to that of (i) (ii) of [28, Theorem 1.6], the details 
being omitted. By (i), together with the Marcinkiewicz interpolation theorem and a 
standard duality, we then obtain the desired result of (ii), which completes the proof of 
Lemma 3.2. □ 

The following generalized Holder inequality is a special case of [9, Lemma 4.1] (see also 
[16, pp. 246-247] in the setting of with p, as in (1.2) and [31, Lemmas 2.2 and 2.3] for 
the setting of with p being the d-dimensional Lebesgue measure). 

Lemma 3.3. There exists a positive constant C such that, for all locally integrable func¬ 
tions f and g, and all balls B, 

Tim L \fix)9ix)\dp{x) < C'|]5-||expL(^),B||/||LlogL(M),B> 


(3.5) 
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where 

ll/llLiogL(/.),s := inf |s € (0, oo) : log dn{x) < l| 

and 

ll/llexpL(/.),B := inf |s G (0, oo) : exp dfj,{x) < 2| . 

Now we can show Theorem 3.1 as follows. 


Proof of Theorem 3.1. For each fixed / G by Definition 2.11, we have a decompo¬ 
sition / = hj, where, for any j G N, hj is an (oo, 2,12);^-atomic block, supp hj C Sj, 

Sj is a ball of X, and 

OO 

1=1 

Moreover, for each fixed j, we can further decompose hj as hj = rj^iOj^i + where, 

for any i G {1,2}, rjj G C, Ojj is a bounded function supported on some ball Bjj C Sj 
satisfying 








K 


( 12 ) 



and I/ij 1^1.00.2^^^ = + |rj, 2 |- By Lemma 2.10, we further conclude that, for any j and 

any i G {1,2}, 


(3.6) 




< 

rsj 





Write 


OO / OO \ 

nf = E (^)] ^ E hs, (^) - dj]=-. nf + r”/. 


1=1 


vl = l 


By Lemma 3.2, we know that T is bounded from into It then follows 

that 
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^ oo 

^^7E(E + F). 


i=i 


By (2.8) and Lemma 2.9, we have 


^3 ^ ^ 

which, together with (2.7) and (3.6), leads to 


^ RBMOM ~ I 


I RBMO(At) ’ 


E < 


< 


< 




/ b{x) (b) dn{x) + rrig^ (6) (6) 

JBj^i 


' RBMO(/i) 


I RBMO(m) 


Eli I 


Fj,i\ 


G -1 


^■(12 %!) [m(2B7i) + 


Similarly, 




Combining E and E, we conclude that 
(3.8) fi{{xe3i;: \Tl^f{x)\>t})< 

Now we turn to estimate T^f- Write 


-1 


RBMb(/i)^ ii-'iih-LM) 




fi{{x £ d:” : \T^f{x)\ >t}) <t ^ ^ / b{x) - m-g {b) \Thj{x)\ dfi{x) 

j=l ■’ 


ou « 

V / 

Jx\6Sj 


=: G + H. 


We hrst estimate G. Eor each hxed j, write 

/ b{x) — m-^{b) \Thj{x)\d^t{x) <\rji\ 

Jes, ^ . 


6 S, 


b{x) — m-^Xb) \Taj^i{x)\ d^i{x) 


+ kj, 2 | / b{x)-m^{b) \Taj^ 2 {x)\ d^^{x) 

JeSi ^ 


Lj^i + Lj,2- 

Since the two terms Lj^i and Lj ^2 can be estimated in a similar way, we only deal with 
Lj^i. Write 


Ljd — kid 


i 


6Sj\QBj^i 


b{x) — m^{b) \Taj^i{x)\ dfi{x) 
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+ Fi, 
+ \rj,i\ 


,il [ Kx)-m^(b) \Taj^i{x)\ dn{x) 

f \Taj^i{x)\ diJ.{x) =:\Jj+Yj+Wj. 
J QBj 1 


The Holder inequality, together with (2.8), Lemma 2.9, the boundedness of T on 
and (3.6), implies that 




rll^ai,illL 2 (^) [m (6Si,i)]" 


< 


< 

rv_/ 


Irbmo(/.) ^ 


From the Holder inequality, Corollary 2.17, the boundedness of T on L?‘{n) and (3.6), we 
deduce that 



f 


2 

V, < |r,,i| 

J GBj^i 


dy,{x) 


< 


RBMb(Aj) 2 ||ajq||R2(^) < ll^ll R^5^o(/i) I’’-?’ 


To estimate Uj, we first observe that, for x ^ 6 Hj^i and y £ Bj^i, d{x,y) d{x,CBj^l)- It 
then follows from (3.1) that, for x ^ 6 Hj^i, 


\Taj,i{x)\ = 


/ K{x,y)aj^i{y)dfi{y) < / \K{x,y)\\aj^i{y)\dfi{y) 

JX 


< 




A(x,d(x,CB. J) ~ X{x,d{x,CB.i)) 


Let Ni := ^ + [logg 2j +1. A straightforward computation, via the above estimate, 

(2.7), (2.8), Lemma 2.9, (2.2) and (3.6), shows that 

\b{x) — m^( 6 )| 


U, < 




JQ. 


■ dy{x) 


< 




6Sj\6Bj^l d{x, CBj i)) 

r . I^(^) -"^g.TT^.^WI 


k=l 


+ 


m ,-rr— (b) — m-^ib) 
6 '=+iB,C 


/ 

76'=+! 


gfc+l£j^. l\gfc£j^. 1 A(x, (i(x, CRj j^)) 
1 


dfi{x) 


1 '^(®) (i(x, CBj i )) 

<11^11 R5MO(/.)l^idlll«LlllL°<=(/.)M(^.',l) 
r ..^«fc+ 2 D ^ 


dy,{x) 


E 


f‘( 6 ‘+=Bi,l) ^( 6 ) 


L ',11 


[A(cB._i,6^+2rB. J A(ci3. i,6^+irB. J 
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< 

rs_/ 


I RBMb(M) I 1111 111 (m) 1) ,Sj 

Combining the estimates for Uj, Vj and Wj, we obtain 


Yi 




1 ; 




< 

rs_/ 


1 2 


< 




^ ll^ll RBMb(At) > 


which further implies that 

G < t-^ 


RBMO(m) ^ ~ 

1=1 


<t-^l 


I RBMb(At)ll'' 


It remains to estimate H. The vanishing moment of hj, together with the Fubini 
theorem, implies that 


j{y)di^{y) 


H=t^^/' b{x)-m^Xb) f [K{x,y) - K{x,csj)]hj 
j _^ P^\QSj fj Sj 

C50 « « 

<f^V/ \hj{y)\ b{x) - m-^Xb) \K{x,y) - K{x,cs^)\ dy{x)dfx{y). 

JSj Jx\6Sj ^ 


1=1 *1 
For each fixed j, write 


lx\6S 

oo 

SE 


b{x)-m^Xb) \K{x,y) - K{x,cs^)\ dy,{x) 


V+i5,\6''5, 

OO f. 

tV / 

= :Hi+H2 . 


h{x)\K{x,y) - K{x,cs^)\ dn{x) 




\K{x,y) - K{x,csj)\dfi{x) 


By (2.8) and Lemma 2.9, we have 


(3.9) 




< II6II-- 

~ 5),6^+iS," "RBM0(/.) 

< , II6II _ < 

~ 53,6'=+iSjII llRBMO(/i)~ 


k\M 


rSmoI/^)’ 


which, together with (3.2), implies that, for any y £ Sj, 

OO p 

< ll^llRiSowE^y^. . , , \K{x,y)-K{x,cs^)\dy{x) < 

Jo Oj\o bj 
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For Hi, from (3.5) and Proposition 2.16, we deduce that 


Hi 


fc=i 


b — m r-—-- (b) 

gfe+i 5 A / 


^ exp Sj 


X [K{-,y) - K{-,CSj)] X6'=+iSi\6'=Si 


LlogL(it),6'“+iSi 


< 


Choose 


RBMO(ii) 


£^(2 • [Ki;y) - K{;cs^)] 


k=l 


LlogL(it),6'“+iSi 



- -1 

kf \K{x,y) - K{x,cs.)\dy{x)+ 2 

\ '^/ 

-* 



Ik ■ — 


By (3.1), (2.2) and Lemma 2.3, we conclude that, for any y & Sj, 


/r(2 

< 


• 6 ^+iS’,) X+i 


\K{x,y) - K{x,csj)\ 

h 


1 


y (2 • 6 ^+ 15 . 

X log ( 2 + 


Sj\6'^Sj ‘fc 

\K{x,y) - K{x,csj)\ 

1 1 


log 2 + 


\K{x,y) - iC(x,C 5 .)| 

^k 


dfi{x) 


i) 


+ 


lkXix,d{x,y)) lkX{x,d{x,cs.)) 


dy,{x) 


< 

rs_/ 


< 

rs^ 


< 

rs^ 


1 


y (2 ■ 

1 

y{2-Q^+^Sj) 

k 


i) 


\K{x,y) - K{x,cs.)\ 


log 2 + 


Si\ 6 '=Si 1 

2 V (2 • 6*^+i5, 


log 2 + 


1 


lkX{csj,d{x,csj)) 
\K{x,y) - K{x,csi)\ 


X{cSj , ) J i6'=+i5i\6'“5i 

\K{x,y) - K{x,csi)\ 


h 


dfi{x) 
dfi{x) 


y (2 • Jeic+is.\Qks^ 4 

which implies that 

{K{-,y) - K{-, 03 j)} X6>‘+iSj\6>‘Sj 

From this and (3.2), it follows that 


dKx) < 1 , 


LlogL(n),6'=+iSj 


< 4 - 

rs_/ 


Hi < 


I RBMO(it) 


^/x(2-6'=+i5,)4 


< 


' RBMO(ii) 


k=l 

00 

E 

k=l L 


k[ \K{x,y) - K{x,csj)\dfi{x) + 

J6'=+i5i\6'=5, 


>-k 


~ RBMb(ii)' 
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Combining the estimates for Hi and H 2 , we then obtain 

00 

i=i 

We finally conclude that 

fi{{xGX: \Tlf{x)\ > t}) < 

which, together with the estimate (3.8), completes the proof of Theorem 3.1. □ 

Remark 3.4. Let b € RBMO(/r). Fu et al. [9, Theorem 3.10] obtained the boundedness 
on Lebesgue spaces with p € (1, 00 ) of the commutator Tb generated by b and T with 

kernel satisfying (3.1) and the following stronger regularity condition, that is, there exist 
positive constants C, 6 € (0,1] and C(^K)y depending on K, such that, for all x, x, y ^ X 
with d{x,y) > C(i^)d(x, x), 

(3.10) \K{^.,y) - K(x,y)\ + \K(y,x) - K{y,i)\ < 

A new example of the operator with kernel satisfying (3.1) and (3.10) is the so-called 
Bergman-type operator appearing in [43]; see also [22] for an explanation. Notice that 
RBMO(/z) C RBMO(/i). Theorem 3.1 also holds true for the commutator Tb generated 
by 6 G RBMO(/x) and T with kernel satisfying (3.1) and (3.10). Moreover, when b G 
RBMO(/r) and T with kernel satisfying (3.1) and (3.2), we also prove that the commutator 
Tb is bounded on LP{fi) for all p G (l,oo), which improves [9, Theorem 3.10]; see Section 
5 below. 


4 Boundedness of Commutators on 


In this section, we establish the boundedness from H^{p) into “)’°°(/i) of the com¬ 

mutator generated by the generalized fractional integral Tq, (a G (0,1)) and the RBMO(^) 
function. We begin with the definition of the generalized fractional integral. 

Definition 4.1. Let a G (0,1). A function Ka G x A’}\{(x,x) : x G X}) is called 

a generalized fractional integral kernel if there exists a positive constant C(^Ka)i depending 
only on K^, such that 

(i) for all X, y £ X with x ^ y, 


(4.1) 


l'^'“("’^)l-Lll-) [A(.,d(..,))]l- 


(ii) there exist positive constant 6 G (0,1] and C(^Xa) ^ (O^oo), depending only on Ka, 
such that, for all x, x, y £ X with d{x,y) > C(^Xa)d{x,x), 


(4.2) \Ka{x,y) - Ka{x,y)\ + \Ka{y,x) - Ka{y,x)\ < 


[d{x, x)]^ 


[d{x,y)]^[X{x,d{x,y))] 


1 —Ct * 
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A linear operator is called a generalized fractional integral with kernel satisfying 
(4.1) and (4.2) if, for all / G and x ^ supp /, 

(4.3) Taf{x):= [ Kaix,y)f{y)di^{y). 

Jx 

Let h G RBMO(/r) and T„ be the generalized fractional integral. The the commutator 
Tafi, generated by b and T^, is defined by setting, for any suitable function /, 

(4.4) T^,bf :=bT^f -T^{bf). 


Now we state the main result of this section as follows. 

Theorem 4.2. Let a G (0,1) and b G RBMO(//). Assume that the generalized fractional 
integralTa, defined by (4.3) associated with kernel Kq, satisfying (4.1) and (4.2), is bounded 
from LP{yi) into L^{yL) for all p G (1,1/a) and Ifq = 1/p — a. Then the commutator 
defined by (4.4) is bounded from H^{p) into that is, there exists a positive 

constant C such that, for all t G (0, oo) and all functions f G H^{p), 

[t{{x € T : \T^,bf{x)\ > t})]^-“ < 

To prove Theorem 4.2, we need the following result from [10, Theorem 1.13]. 

Lemma 4.3. Let a G (0,1) and Ta be as in (4.3) with kernel satisfying (4.1) and 
(4.2). Then the following statements are equivalent: 


(i) Ta is bounded from LP{pi) into L^(pi) for all p G (1,1/a) and 1/q = 1/p — a; 

(ii) Ta is bounded from L^{p) into 

Proof of Theorem f.2. For each fixed / G H^{p), by Definition 2.11, we have a decom¬ 
position / = where, for any j G N, hj is an (oo,2 — a, 12);^-atomic block, 

supp hj C Sj, and 

OO 

i=i 

Moreover, for each fixed j, we can further decompose hj as hj = rj^iOjp + where, 

for any i G {1,2}, rjj G C, Ojj is a bounded function supported on some ball Bjj C Sj 
satisfying 






{12Bjj) I 


K 


( 12 ) 


} 


2-0 



and |/ij|^i,oo, 2 -a, X = \rjp\ -(- |rj, 2 |- By Lemma 2.10, we further conclude that, for any j 

■*atb,12 \r^) 

and any i G (1, 2}, 


a 




< 

rsj 




2-0 



(4.5) 
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Write 


Ta,bf = To^hj + T„ - b{-) 

i=i " \i=i 


hA =-.Tlbf + Tlbf- 


By Lemma 4.3 and an argument completely analogous to that used in the estimate for 
(3.8), we conclude that 


(4.6) 


1 l — OL 


4.-1 


[;.{{x€A: lO(x)| >())]-“ 


We now estimate By the Minkowski integral inequality and the Fatou lemma, 

we see that 


[n{{x e -L ; \tI J{x)\ > t})] 


1 —Q; 


< 


I E^JKa:) - "lA (6)]r„/ij(x)| i-“ 


l—a. 




fi- 


dfi{x) 


j=i IH^(^^--Kj(x)\>t} 


b{x) — (b) \Tahj{x)\^-°‘ dii{x) 


1—0 


oo 




1 

la ^ 

r 

i=i 

1 

oT-"^ 

b{x) 

1 

o- 

\To,hj{x)\T^ dn{x) 

+ ‘-'E 

i=i 

Jx\6Sj 


1 — 0 


=: G + H. 

To estimate G, for each fixed j, write 

^ \Tahj( 


j 

b{x) — m-^{b) 

hsj 



< |r,' 111 -“ 

rs_/ J- 


IGSi 


b{x)—m^{b) |TQ,ajq(x)| i-“ dfj,{x) 

+ \rj,2\~ / Kx) -mj-Xb) \Taaj^2{x)\~ d^{x) =: + Lj^2- 

JeSj ^ 

We only consider the term Lj_i, the other term Lj ^2 can be estimated in a similar way, the 
details being omitted. Write 


Lj.i < Ig,iI' 


-I 


6Sj\6Bj^i 


1 

l — a I 


b{x) - rnj:{b) \Taaj^i{x)\ i-“ d^i{x) 

+Ig,iI^ / Kx) 

J 

1 p 

+ |rj,i|^ mg^(6)/ iT^a^-i(a:)|~ d/i(x) =: + V^-+ W^. 

^ JGBj 1 


1 

^~°‘\Taaj,i{x)\^ dn{x) 
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Let p G (1,1/a) and 1/q = 1/p — a. Let fi := g(l — a). Then j3 G (l,oo). Recall that 
^ ^ = 1. It then follows, from the Holder inequality, the assumption that Ta is bounded 

from LP{pL) into L^{p), (2.8), Lemma 2.9 and (4.5), that 


W, < 


< 


< 


< 

CN-/ 


1 

I 1 — Ot 


' RBMO(m) 




1 

I 1 — a 


RBMO(ai) 


1 

1 — a 


' RBMO(ai) 


Fid 


Fid 


1 

1 — a. 


1 

1 — a 


K 


K 


( 6 ) 


1 

1 — a 


^( 6 ) 


1 

I 1 —Q 


' RBMO(/l) 




K 


( 6 ) 


1 

1 — a 


1 

1 — a 


1 

1 — a 


[ |T„aj,i(x)|i-“^d//(x) 

J GBj^i 

ll^»®idllL9(;i) [h( 6 .Rj,i)] 

[h(65id)]^ ll«jdllic 


where, in the penultimate inequality, we used the fact that 

1 


\ 1 — a 

d/i) ^ 


(4.7) 


1 1 


p{l — a) /?' 1 — a 


[/i( 6 Rjd)]^ 


1 

I 1 — a 


' RBMO(/i) 


T*d 1 1 — OL 

JA\ 5 


On the other hand, the Holder inequality, together with Corollary 2.17, the boundedness 
from U’{p) into L'^{p) of Tq,, (4.7) and (4.5), implies that 


Vi < 


Od 


1 

1 — a 


[ b{x) 

J 6Bn 1 


< 

rs_/ 


OdL-° 


1 

I 1 — a 




-r-F 

1 — a^ 


dp{x) 


||r«a 






< Ir, 111 -“ 

rs_/ /»T 


< 

rv_/ 


1 

I 1 —Q 


RBMO(/i) 


IOdl'"“ [/^(125id)] llajdlli 


-a ^ 


1 

I 1 —a 


RBMO(/i) 


r,'d 1 —. 


To estimate Uj, we hrst observe that, for any x ^ QBj,i and y G d{x, y) ~ d{x, CBj i). 
It then follows from (4.1) that, for any x ^ 


\Taaj^i{x)\ = 


/ Kaix,y)aj^i{y)dp{y) 
J X 


< 


IB 


\Kc{x,y)\\aj^i{y)\ dp{y) 




\a. 




|aj llL°°(/i)h(-®jd) 


~ [A(x,d(x,CB.,))]i “ ~ [X{x,d{x,CB,i))]^ 


Let Ni := ^ eS' + Uoge 2j +1. A straightforward computation, via the above estimate. 

Corollary 2.17, (2.8), Lemma 2.9, (2.2) and (4.5), shows that 

\Hx)-m^.ib)\ 


U, < lo,i|T 


“ ll®idllL°°(/i) [^(-^ 14 )] ^ “ [ 

J 6, 


1 

1 — a 


6Sj\6Bj^l ^{x,d{x,CBji)) 


■ dp{x) 
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1 ^ 1 A^i 

k=l 


< 




/Gfc+i^^. i\gfc^^. 1 A(x, d(x, CBj i )) 


■ dn{x) 


+ 


/ X 

m rr;~r ih) — m-^ib) / ---- ^ du(x) 

6 Sj,i J jQk+lQ._^\gkB.^^X{x,d{x,CBji)) 




RBMO(At) 


Yi 

E 


ElE!Ei>_ X/k( 8 ) I iL 


L-^(ci3,'.i,6'=+2rij. J 


+ <^K 


A(cB,.i, 6 ^+irB^ J 




" RBMO(At) 


K 


( 6 ) 




< llftl|i-Y 


1 

Combining the estimates for Uj, Vj and Wj , we obtain 


■^( 6 ) 


2-c 

1-c 


< ll?)l|l-“ 


RBMO(At) 




L, i < 

J;-*- ~ 


I 1 —a 


RBMO(//) 


7^-1 1—a 

rj,ll ’ 


which further implies that 


G<t 


-ii 


' RBMO(At) 


Ei'-t 


^l,oo,2-a, B ~ t 

^atb.l2 yk-) 


- 1 | 


i=i 


' RBMO(At) "2 


It remains to estimate H. Observe that, for any x ^ 6Sj and y € Sj, d{x, y) r^j d{x,cs^). 
From this, together with the vanishing moment of hj and (4.2), we deduce that, for any 
x ^ 6Sj, 


\Tahj{x)\ = 


lx 


Ka{x,y)hj{y) dii{y) 


< 


/ \Ka{x,y) - Ka{x,csj)\\hj{y)\dn{y) 
JSi 


< 

rsj 


4 [d{x,y)Y[X{x,d{x,yW-^ 

(j'Sj 

[d{x, cs.)]'5[A(x, d{csi, II^Em)- 


On the other hand, a trivial computation, via Corollary 2.17, (3.9) and (2.1), gives us 
that, for any i e N, 


A(c5,.,6V5 ) jQi+is, 


I 


b[x) 



dy{x) 
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< 


A(c 5,. , 6Vs. 




b(x) — m rTY" ib) 
y ! e^+ls,y < 


+^(6‘+iS,) 


m (b) — m-^(b) 
6 ^+ 15 .- ^ ^ 


j 

1 n 


1 

l — a 


dfi{x) 


< 

rs_/ 


M2.6*+i5,)„^„^ ^ M6*+i5, 


1 

l — a 


X{cSj,6^rSj) RBMOi^J.) A(c5^.,6V5^) L " RBMO(r). 
By the above two estimates, we conclude that 


I RBMO(r)_ 


1 

l — a 


H = «-‘E 


i=i 


IP(:\6Sj 


1 


1 

l — a 

b{x) - m'^{b) 

^3 

/ Ka{x,y)hj{y)dp{y) 

dp{x) 

JSj 



-I l—a 


00 f 00 « 

E/ 


1 

I 1-a 


X 


\b{x) — m^( 

P L1ET-^6»+isA6'S^ 


{fSjY IIII 

(d(x, cs. ))^(A(x, d{cs ., 3 :)))^"" 


1 

l — a 


l—a 


i=i 




i=l 


Hcs.,6^rs.) Jei+iSi 


dfi{x) 

/ |6(x) — mA'(6)|T^ 

iei+is, " 


l—a 


RBMb(/i) 


i=i 


E 6^ « 


1 

I 1-a 


i=l 


l—a 


rSmoIm)"'' 


We finally obtain 

ti{{x€X: \T^f{x)\ > < t-'l| 6 || ll^,i(^), 

which, together with the estimate (4.6), completes the proof of Theorem 4.2. □ 


5 Boundedness of Commutators on LP{fi) with p G (l,C)o) 

In this section, we establish the boundedness on L^(/r), for all p G (l,oo), of the 
commutator generated by 6 G RBMO(^) and the Caleron-Zygmund operator T with 
kernel satisfying (3.1) and (3.2), which improves [9, Theorem 3.10]. 

Theorem 5.1. Let b G RBMO(/i). Assume that the Calder on-Zygmund operator T, 
defined by (3.3) associated with kernel K satisfying (3.1) and (3.2), is bounded on L?‘{p). 
Then the commutator T}, defined in (3.4) is bounded on LP{p) with p G (l,oo). 

To prove Theorem 5.1, we borrow some ideas from the proof of [15, Theorem 4.3]. We 
need several tools, including an interpolation theorem for sublinear operators, which is an 
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extension of [15, Theorem 3.1] and whose proof is different from that of [15, Theorem 3.1]. 
We start with the notion of maximal functions in [2, 19]. 

For any / € the sharp maximal function M^f is defined by setting, for all 

X G T*, 


M^f{x) := sup —— 
bbx 


'B 


\fiy) -mMIdpiy) + 


sup 
xGBcS 

B,S (6,/Se)—doubling 


- ms{f)\ 


K 


( 6 ) 

B,S 


where the first supremum is taking over all balls B containing x. By an argument similar 
to that used in the proof of [15, Lemma 3.1], we have the following result. 

Lemma 5.2. For r G (0,1) and any \ff G let Mrf := [M** (|/|^)] "■. Then 

there exists a positive constant C(^r)> depending on r, such that, for all \ff G 
Mlf < C^r)M^f. 

The non-centered doubling maximal operator N is defined by setting, for all / G (//) 
and X € X, 

Nf{x):= sup -7^/ \f{y)\dyiy)- 
bbx T[B) Jb 

B (6,/^e)—doubling 

By the Lebesgue differential theorem, it is easy to see that, for any / G and 

/X-almost every x G T”, 

(5.1) |/(x)| < Nf{x) 


(see [19, Corollary 3.6]). The following lemma is just [27, Lemma 3.3]. 
Lemma 5.3. For all f G with 


[ f{y)dy{y) 

Jx 


0 when p{X) < oo. 


i/min{l,iV/} G for some po G (l,oo), then, for all p G [po,oo), there exists a 

positive constant C'(p), depending on p but independent of f, such that 


||a^/ILp,co(^) < qp) 


M#/ 




Moreover, for r G (0, oo) and rj G (l,oo), the maximal operator is defined by 

setting, for all / G (/r) and x £ X, 


Mr,(n)fix) ■■= sup 

BBx 


nipB) 


IB 


\fiy)fdp{y) 


where the supremum is taking over all balls B containing x. With a proof similar to that 
of [21, Lemma 2.3], we obtain the following useful properties of the details being 

omitted. 
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Lemma 5.4. The following statements hold true: 

(i) Let p G (l,oo), r € (l,p) and r] G [5,oo). Then is bounded on LP{p). 

(ii) Let r G (0,1) and rj G [5,oo). Then bounded on L^'°°{p), that is, there 

exists a positive constant C such that, for all f G 

(5.2) supcr/i ({x G .4’: (^)/(x) > (t}) < Csupcr^ ({x G A” : |/(3:)| > it}) . 

a>0 cr>0 

Now we state our interpolation theorem for sublinear operators as follows. 

Theorem 5.5. Letpo G (1, oo), A; G N and Ti be a sublinear operator for all i G {1,... , k}. 
Suppose that 

(i) Ti is bounded from L[^{p) into L^’°°{p), that is, there exists a positive constant C 

such that, for all f G and t G (0, oo), 

/i({x G T : |ri/(x)| > t}) < jWfWfm^y 

(ii) when < oo, for any p G (1, oo), there exists a positive constant depending 
on p, such that, for all f G L'^{fj,), 

lx - C'II/IIlp(m); 

(iii) there exists a positive constant D such that, for all f G L^{p), 


k 

M\T,f)<Y,\Tif\+D\\fh^^^y, 

i=2 

(iv) Ti is bounded on LP°{p) for all i € {2,, k}. 

Then Ti is bounded on LT{fj,) for all p G (l,po)- 

Proof. Let r G (0,1). We first claim that, for allp G (l,po)) there exists a positive constant 
C such that, for all / G L“(//), 

(5.3) i>o ({x G T : |M|(ri/)(x)| > t}^ < C\\f\\lp^^y 


To show (5.3), notice that, although it is unclear whether the operator m|(Ti) is quasi- 
linear or not, we still conclude that there exists a positive constant Cyy depending on r, 
such that, for all fi, f 2 C 


(5.4) 


M» (Ti(/i + /a)) < C(,) 


Mr,i6)iTlfl) + M«(ri/2) 


Indeed, by r G (0,1), we see that, for any /i, /2 G L^{p), x G T and ball B 3 x, 

(5.5) ^^^l|Ti(/i+/2)(!/)r-mij(|T,(/i + /2)ni<i(<(!/) 
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< 


1 


||ri/ 2 (y)r -m^dTi/sDl dfj.{y) + m^{\Tifi\^) 


JB 

< [M#(ri/2)(x)]’'+ [M,,(5)(ri/i)(x)]’ 

and, for any (6,/36)-doubling balls B C S with B 3 x, 


(5.6) 


\mBm{h+f2)\i - msmui+ /2)r)i 

< Imsdri/sD - m5(|ri/2r)| + mBdri/iD + ms (iri/id 
' Ml (Ti /2) (x) 1" + [M,, (6) (Ti /i) (x)] ^ 


< 


Combining (5.5) and (5.6), we obtain (5.4). 

For each fixed t G (0, oo) and each / € applying the Calderon-Zygmund de¬ 

composition to |/|P at level (with > 30111 \\LP(ii)/k^) if A*(‘^) < oo) with the no¬ 
tation as in Lemma 2.18, we obtain f = g + h, where g := fxx\{Uj6Bj) + 
h := f — g = Ylj[‘^jf ~ ^j\- Moreover, we have 

(5-7) ||fi(||i<x.(^) < ( 7 -L l)t and ||5 ||lp(/.) < ll/lli,p(/.)- 

From this, together with (5.4), Lemma 5.2 and Theorem 5.5(iii), we deduce that 

/r ({x G -T : M#(Ti/)(x) > 3DC(r)C(^r){3 + l)f}) 

< ^ ({x G T : M«(ri 5 )(x) > 2Ziq,)(7 + l)t}) 

+g. ({x G T” : M^ (6)(rih)(x) > + l)t}) 

< /i ({x G T : M^{Tig){x) > 2D{3 + l)t|) 

+g. ({x G T” : Mr^(Q){Tih){x) > DC{r){l + l)f}) 
k 

^ X ■■ \Tig{x)\ > D {3 + l)t/{k - 1)}) 

i=2 

+gL ({x G -T ; M^^{Q){Tih){x) > DC(r){3 + l)f}) • 

For z G {2,..., /c}, the boundedness of Ti on LP'^{g) and (5.7) imply that 


(5.8) //({xG-T : \Tig{x)\ > D {3 + l)t}) <t <t ^\\f\\lp(^^y 

By Lemma 5.4(ii), Theorem 5.5(i) and Lemma 2.18(iii), we have 

// ({x G X : Mj.yQ){Tih){x) > DC{^r){l + l)f}) ^ supfj/r({x G X : \Tih{x)\ > a}) 

(T>0 

which, together with the estimate (5.8), implies (5.3). 

We now conclude the proof of Theorem 5.5 by considering the following two cases. 
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Case (i) ia{X) = oo. Let 


:= {/ e (^) : ^ /(^) d^x) = 0 } . 

Then, in this case, L‘^q{^) is dense in LP{^) for all p G (l,oo). Let N^f := [-/Vd/D]^'^^ 
for all / € We now show that, for all / € L^g(/r), minjl, W(7"i/)} G L'P{p) for 

all p G ( 1 , 00 ). Indeed, for all / G L^q{p), we see that / G H^{p). Moreover, by the 
definitions of W and with r G (0,1), we know that, for /i-almost every x G Th, 

Nr{Tif){x) < (g)(ri/j(x). It then follows, from Lemma 5.4(ii) and Theorem 5.5(i), 

that, for all r G (0,1), 


which implies that, for all p G (1, 00 ), 

[ [mm{l,Nr{Tif)}{x)f dp{x) 

J X 

('2 poo 

= p t^~^p{{x & X : mm{l, Nr {Ti f)}(x) > t}) dt + p 
Jo J2 

,p f t^~^p{{x G X : mm{l, Nr {Tif)}{x) > t}) dt 
Jo 

||W(Ti/)||ii,oo(^) [ tP-2dt<||W(ri/)||z.i.oo(^)<oo. 

Jo 


< 
r\j . 


< 

r\j 


Thus, for all / G L^q{p), min{l, W(7 i/)} G dXid)- From this, (5.1), Lemma 5.3 and 
(5.3), we deduce that, for all / G L^g(/i) and all p G (l,po)) 


l|Fi/||iP,oo(^) < ||iv.(ri/)||^„^(^) = ||iv(|ri/r)||^/;,_^ < M«(|ri/| 


Ijr 

LP/^,°°(P) 




< 


LP’^{p) 


II/IIlp(ai)i 


which, along with the Marcinkiewicz interpolation theorem and a standard density argu¬ 
ment, implies that, for all p G (l,po) and / G LP{p), 


\\Tlf\\LP{ti) ^ \\f\\LP{ti)- 


Case (a) p{X) < 00 . In this case, for all r G (0,1), / G L^{p) and x G X, we see that 

lA/U)! < |A(|r,/r)(i)|‘'' 

+ {^^|Fi/(x)rd/i(x)} ' =:E(x)+fVl 
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Observe that f; 3 ^[\Tif{y)\'^ — F] dfj,{y) = 0 and, for all p € (1, oo), 


[ [min{l, A^dTi/l^ - F)(a;)}]^ dp{x) < fi{X) < oo. 

Jx 

From this, together with Lemma 5.3, M^{F) = 0 and (5.3), we deduce that, for all p € 




l/r 


M«(ri/) 


< 




II/IIlp(0- 


A trivial computation via the Holder inequality and Theorem 5.5(ii) leads to, for all 
p e (l,oo), 

< ^^|ri/(x)|d/i(x) < Wfhpi^y 

Combining the above two estimates, we obtain the desired conclusion also in this case, 
which completes the proof of Theorem 5.5. □ 


To prove Theorem 5.1, we also need the following pointwise estimate. 

Theorem 5.6. Let b € the operator T with kernel K be the same as in Theorem 

3.1 and Tf, as in (3.4). Suppose that T is bounded on L^(/i). Then, for any s G (l,oo), 
there exists a positive constant C(^s)> depending on s, such that, for all f G L“(/x), 

(5.9) M« (T,/) < q,) ||6|| + M,,(6)T/ + T,/] , 

where T* denotes the maximal C alder on-Zygmund operator defined by setting, for all 
f G and x G A, 


T*f{x) ■■= sup 
£>0 


' d(x,y)>e 


K{x,y)f{y)dp{y) 


To prove Theorem 5.6, we begin with the following technical lemma from [9, Lemma 
3.13]. 

Lemma 5.7. There exists a positive constant Pq (big enough), depending on C(^x) in (2.1) 
and (3 q as in (2.3), such that, if x G X is some fixed point and {fB}B 3 x is a collection 
of numbers such that \ fB — /s| < q^) for all doubling balls B C S with x € B such that 

^B^S — -Fq; then there exists a positive constant C, depending only on C(^x)> Pe rmd Pq, 
such that, for all doubling balls B C S with x G B, 

\fB - fs\ < CK^S^sC(xy 

Proof of Theorem 5.6. We first show that, for all x and balls B with B 3 x, 


/^(65) Jb 


(5.10) 


\Tbf{y) - hB\ dp{y) 
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< 

rs_/ 


I RBMo(„) [".A)/{^) + + ||/|k»,„,] 

and, for all balls B C S with B B x, 


(5.11) 


\hB - hs\ 


< 

rs_/ 


I RBMO(r) 


K 


(6) 

B,S 


[M,,( 5 )/(a:) + r 7 (x) + ||/|Uco(^)], 


where 

hB ■■= -tub {T{[b - m^{b)]fxx\{6/5)B)) 

and 

hs ■= -ms {Ti[b - m^{b)]fxx\i6/5)s)) ■ 

The hypotheses b G and / G imply that Hb and hs are both finite. 

The proof of (5.10) is analogous to that of [15, (10)] with a slight modihcation, the 
details being omitted. 

We now show (5.11). For any two balls B C S with B 3 x, let N 2 '■= 5 + +2- 

Write 


\hB - hs\ 


= ms (r([6-m^(6)] fxx\{ 6 / 5 )B)) - ms {T {[b - m^ib)] fxx\ie/ 5 )s))\ 

< ms (T ([6- mg(6)] /X6S\(6/5)s)) ^ 

- ms (T ([m^(6) - mg(6)] fxx\6B 

+ 

ms (t (^[b - mg{b)] /x6 ^2 s\6b)) 


+ 

ms {^[[b- mg{b)] fc\ 6 ^ 2 s)) 

- ms (r [6 - m^(6)] /X;t\ 6 ^ 2 s) ) 

+ 

ms {^[[b- mg{b)] /X 6 ^ 2 s\( 6 / 5 )S 

)) 


= : Ml + M2 + M3 + M4 + M5. 


By a slight modified argument similar to that used in the proof of [2, Theorem 7.6], we 
conclude that, for all x G T", 


M. + M5<||6|| ~om"<.P)/W 


and 


M3< 


K 


( 6 ) 

B,S 


^11 RBMb(p)'^'*’(5)/(3;)- 

To estimate M 2 , for x,y G B, write 

\T {fXX\6B) iy)\ < \T{fXX\6B){y) - T{fXx\6B){x)\ + \TifXX\6B){x)\ =■ I + H. 
From (3.2), we deduce that 

/ \K{y,z) - K{x,z)\\f{z)\dn{z) 

JX\6B 


I < 


C50 „ 

< X] / \K{y,z) - K{x,z)\\f{z)\dfi{z) <\\f\\Lo.^^y 

k=l 76'=+1B\6''S 
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The definition of T*, together with (3.1), the fact that d{x,z) ~ d{cB,z) foi x € B and 
z € <T with d{z,x) > 2rB and ( 2 . 2 ), implies that 


II = 


< 


'{zGX-. d{z,x)>2rB} 


K{x,z)f{z)dn{z) - [ 
K{x,z)f{z)dfi{z 


K{x,z)f{z)dn{z] 


+ 


< nf{x) + [ 

J\z 


d{z^x)>2rB} A(x, d(x, z)) 
\f{z)\d^{z) 


\f{z)\d^{z) 


• {z^^B: d{z,x)>2rB} 

< r*/(x) + -- [ \f{z)\dn{z) < nfix) + M (5)/(x). 

KcB,rB) JeB 

Thus, for X, y & B, we have 


\T (/Xy\6b) (y)| ^ II/IIl-M + T*f{x) + M^_(5)/(x), 

which, together with (2.8) and Lemma 2.9, shows that 

M2 = \mB {T {[mg ( 6 ) - mg{b)] fxx\6B )) | 

Finally, we deal with the term M 4 . As in the treatment for the term H in the proof 
of Theorem 3.1, an argument involving the generalization of the Holder inequality (see 
Lemma 3.3) gives us that, for any y, z € S, 

T ([6 - mg{b)] fxx\6^2 b) (l/) “ ^ “ ™'s(&)] fXx\6^2 b) (^) 

< [ \K{y,w) - K{z,w)\\b{w) - mg{b)\\f{w)\did{w) 

Jx\2S 

00 « 

< II/IIl-(m) X] / \K{y,w)-K{z,w)\\b{w)-mg{b)\dy{w) 

^^6'=2S\6fc-i25 

k f \K{y,w) — K{z,w)\dfj,{w) + 2~^ 

J6''25\6'=-i25 

Taking the mean over B and S for y and z, respectively, we obtain 



M 4 < 

Combining the estimates for Mi, M 2 , M 3 , M 4 and M 5 , we obtain the desired estimate 
(5.11). 

By an argument similar to that used in the proof of [38, Theorem 9.1] (see also the 
proof of [2, Theorem 7.6]), together with Lemma 5.7, (5.10) and (5.11), we obtain (5.9), 
which completes the proof of Theorem 5.6. □ 
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We finally give the proof of Theorem 5.1. 


Proof of Theorem 5.1. We first show that, if the Caleron-Zygmund operator T with kernel 
satisfying (3.1) and (3.2) is bounded on T^(/i), then T* is bounded on LP{^) for all p G 
(l,oo). Indeed, Liu et al. [28] proved that, if T with kernel satisfying (3.1) and the 
Hormander condition, that is, there exists a positive constant C such that, for all x, x € <T 
with X 7 ^ X, 

[ ^ [\K{x,y) - K{T,y)\ + \K{y,x) - K{y,T)\]dp{y) < C, 

J d(x,y)'>2d{x^x) 

is bounded on LP‘{pl), then the corresponding maximal operator T* is bounded on LP{p.) 
for all p € (l,oo). Since the Hormander-type condition (3.2) is slightly stronger than the 
above Hormander condition, we obtain the desired result. 

On the other hand, by Lemma 3.2(ii) and Lemma 5.4(i), we conclude that, for all 
p G (1, oo) and s G (l,p), -^s,(6) o T is bounded on LP{fj.). 

Now we assume that b is bounded and consider the following two cases for p{X). 

Case (i) p{X) = oo. In this case, from the fact that, for all p G (l,oo) and s G (l,p), 
( 5 ), T4,(6) °T and T* are bounded on LP{jj.) and Theorems 3.1, 5.6 and 5.5, we deduce 
that Tf, is bounded on L^{p) for all p G (1, oo). 

Case (a) /i(T’) < oo. In this case, by Corollary 2.17 and the Lebesgue dominated 
convergence theorem, we find that, for all r G (1, oo), 


(5.12) 


L/r(T) 


r 1 

/ \h{x) - mx{b)f dpix) 

Jx 


< 


RBMb(At)' 


Write 

\nf\ < |[5 - mx{h)] Tf\ + |T i[b - mx{b)] f)\. 

Then, for all p G (l,oo), from the Holder inequality, (5.12) and the boundedness of T on 
L^{pi) for all g G (l,p], it follows that 


jjT,f{x)\dp{x) < 


which, together with Theorems 3.1, 5.6 and 5.5, implies that Tj, is also bounded on U’{p) 
for all p G (1, oo) in this case. 

If b is not bounded, let q G (0, oo) and, for all x G Tf, 


bq{x) 


b{x), 


b{x 

ra’ 


if |6(x)| < q, 
if |6(x)| > q. 


By an argument similar to that used in the proof of [9, Lemma 3.11], we see that 
b, G RBMO(/i) and < l|fe|| r5mo(r)’ which, together with a standard limit 

argument, completes the proof of Theorem 5.1. 

□ 
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